I. INTRODUCTION
The spectra of tungsten ions are important for plasma diagnostics. Tungsten has been selected as a plasmafacing material in International Thermonuclear Experimental Reactor (ITER), which is an experimental fusion reactor under construction. Thus, tungsten ions are considered to be the main impurity in the ITER plasma [1] . In order to suppress the radiation loss due to the emission of the impurity tungsten ions, it is important to understand the influx and the charge evolution of tungsten ions in the plasma through spectroscopic diagnostics. However, spectroscopic data of tungsten required for the diagnostics are by far insufficient because the required data span wide ranges of charge states and wavelengths [2, 3] . In particular, transitions in the visible range are strongly demanded due to the advantage that a variety of common optical components, such as mirrors, lenses, and fiber optics, can be applied. Thus, recently experimental and theoretical efforts have been maid to accumulate the spectroscopic data of tungsten ions in the visible range. However, spectra identifications presented a very difficult task due to a large number of transitions and paucity of precision theoretical data. In this work, we carry out a systematic study of tungsten ions to provide much needed theoretical benchmarks. We select ions with several 4f valence electrons, which present a particular difficult theoretical problem due to large core-valence correlations. This is the first treatment of these ions with a high-precision approach that takes into account these corrections to all-order paving the way to high-precision treatment of 4f n configurations for a variety of systems and applications.
There is also much interest in the spectra of highly charged ions (HCI) with a few nf valence electrons due to a completely different application to the development of the high-precision optical frequency standards with HCIs and searches for the variation of fundamental constants [4] and the violation of Lorentz invariance [5] . Recent studies of uncertainties [6] [7] [8] have shown that the fractional accuracy of the transition frequency in the clocks based on HCI can be smaller than 10 −19 since highly charged ions are less sensitive to external perturbations than either neutral atoms or singly charged ions due to their more compact size. In 2015, a crucial step have been achieved toward practical realization of HCI clocks with a breakthrough demonstration of sympathetic cooling of Ar 13+ with laser-cooled Be + Coulomb crystal in cryogenic 4K Paul trap [9] . A major roadblock toward further progress in this fields is the lack of experimental measurements and accurate theoretical description for most of the potential clock candidates. The proposed HCIs generally have one or more nf valence electrons and benchmark tests of theory accuracy for such configurations provide additional motivation for this work besides the plasma physics applications.
We start with an overview of the current status of tungsten ion studies relevant to the present work. An investigation of the M1 transitions of the ground-state configuration of In-like tungsten was recently presented by Li et al. [10] . Three visible lines of M1 transitions from In-like tungsten were recorded using the Shanghai Permanent Magnet Electron Beam Ion Trap (EBIT). The experimental vacuum wavelengths were measured as 493.84± 0.15 nm, 226.97± 0.13 nm and 587.63 ±0.23 nm. These results are in good agreement with theoretical predictions obtained using the large-scale relativistic many-body perturbation theory. Cascade emission in electron beam ion trap plasma of W 25+ ion was investigated by Jonauskas et al. [11] . Spectra of the W 25+ ion were studied using the collisional-radiative model (CRM) with an ensuing cascade emission. This work established that the cascade emission was responsible for the disappearance of the line structure at about 6 nm in the EBIT plasma. Emission band at 4.5-5.3 nm was also affected by the cascade emission. The strongest lines in the CRM spectrum correspond to 4d 9 4f 4 → 4f 3 transitions, while 4f 2 5d → 4f 3 transitions arise after the cascade emission is taken into account [11] . The large-scale relativistic configuration interaction calculations of W 25+ spectroscopic properties [12] determined dominant contributions to the 4f 3 , 4d 9 4f 4 , 4f 2 5s, 4f 2 5p, 4f 2 5d, 4f 2 5f , 4f 2 5g, and 4f 2 6g configurations. This study demonstrated that the correlation effects were crucial for the calculation of the 4f 2 5s → 4f 3 transition rate. In a single-configuration approach, this is an extremely weak electric-octupole transitions. Inclusion of the correlation effects increases the 4f 2 5d → 4f 3 transition probabilities by an order of magnitude. The corona model has been used to estimate the contribution of various transitions to the emission in a low-density EBIT plasma. Modeling in the 10-30 nm wavelength range produced lines which do not form emission bands and can be observed in the EBIT plasma [11] .
The energy levels and radiative transition probabilities for the electric quadrupole and magnetic dipole transitions between the levels of the ground configuration, [Kr]4d 10 4f 4 , of W 24+ were evaluated by Gaigalas et al. [13] using the large-scale multiconfiguration Hartree-Fock and Dirac-Fock calculations. The relativistic corrections were taken into account in the quasirelativistic BreitPauli and fully relativistic Breit approximations, also taking into account QED effects. The role of correlation, relativistic, and QED corrections was discussed. Line strengths, oscillator strengths, and transition probabilities in the Coulomb and Babushkin gauges were presented. Line strengths, oscillator strengths, and transition probabilities were presented for the E1 and E3 transitions in [14] . The large-scale nonrelativistic and relativistic calculations of the 977 lowest energy levels of W 24+ was performed in [15] . The wavelengths of the electric dipole transitions, line strengths, transition probabilities, and the lifetimes of the lowest excited levels were calculated [15] . The accuracy of the LS-and jj-coupling schemes was discussed.
The two-electron tungsten ions were investigated in Refs. [16] [17] [18] [19] . Ab initio multi-configuration Dirac-Fock calculation of M1 visible transitions among the ground state multiplets of the W 26+ ion was performed in [16] . Theoretical investigation of spectroscopic properties of W 26+ in EBIT plasma was recently presented by Jonauskas et al. [17] . Energy levels, radiative transition wavelengths and probabilities were studied for the W 26+ ion using multiconfiguration Dirac-Fock and Dirac-FockSlater methods. Corona and collisional-radiative models have been applied to determine lines and corresponding configurations in a low-density EBIT plasma. Forbiddenline spectroscopy of the ground-state configuration of Cd- like W was used in [18] to identify several energy levels in cadmium-like tungsten, W 26+ . The line identifications were supported by the large-scale multiconfiguration Dirac-Hartree-Fock and by relativistic many-body perturbation theory (RMBPT) calculations. The authors identified all seven lines and measured the corresponding wavelengths [18] .
The spectra of W 19+ -W 32+ ions were observed in the EUV region between 15Å and 55Å in [20] using an EBIT and grazing-incidence spectrometer at the National Institute for Fusion Science. The electron energy dependence of the spectra was investigated for electron energies from 490 eV to 1320 eV. An identification of the observed lines was aided by collisional-radiative modeling of CoBIT plasma. The ion charge dependence of the 6g − 4f , 5g − 4f , 5f − 4d, 5p − 4d, and 4f − 4d transition wavelengths were measured [20] . Komatsu et al. [21] reported the results for visible transitions in highly charged tungsten ions W q+ in the 365 -475 nm region observed with a compact EBIT for the charge-state range of q = 8 − 28. More than a hundred previously-unreported lines were presented, and the charge state of the ions emitting the lines was identified from the electron energy dependence of the spectra.
In the present paper, we evaluate the atomic properties of Cd-like W 26+ , In-like W 25+ , and Sn-like W 24+ ions using the CI+all-order approach which combines configuration interaction and the linearized coupled-cluster method with single and double excitations. The energies, transition rates, and lifetimes of low-lying levels are evaluated. Energies obtained using the CI+all-order code are compared with available theoretical and experimental values. We calculate magnetic-dipole and electricquadrupole transition rates to determine the branching 
II. CI+ALL-ORDER METHOD
The main idea of the CI + all-order approach introduced in [22] is the construction of the effective Hamiltonian calculated using a modified version of the linearized coupled-cluster method with single and double excitations (LCCSD) described in [23, 24] . The effective Hamiltonian contains dominant core and core-valence correlation corrections to all orders, treated with the same accuracy as in the all-order approach for the monovalent systems, where the highest theoretical accuracy has been achieved. The CI method is then used to treat valencevalence correlations [22, [25] [26] [27] .
The CI + all-order approach is based on the BrillouinWigner variant of the many-body perturbation theory, rather than the Rayleigh-Schrödinger variant. The use of the Rayleigh-Schrodinger MBPT for systems with more than one valence electron leads to a nonsymmetrical effective Hamiltonian and to the problem of the "intruder states". In the Brillouin-Wigner variant of MBPT, the effective Hamiltonian is symmetric and accidentally small denominators do not arise; however, the effective Hamiltonian becames energy dependent leading to the introduction of theǫ v parameter in the practical implementation of the method as described in [22] . Whenǫ v is taken to be equal to the Dirac-Fork energy of the corresponding orbital, the formulas coincide with the original implementation of the LCCSD method [28] based on the Rayleigh-Schrödinger MBPT, with the terms included in the CI subtracted out. We refer the reader to Ref. [22] for the formulas and detail description of the CI + allorder method. In this work, we follow the prescription of [22] and takeǫ v to be the DF energy of the lowest valence state for each partial wave.
The CI+all-order method was used to evaluate properties of atomic systems with two to four valence electrons [29] [30] [31] [32] [33] [34] [35] [36] and to calculate atomic properties of the superheavy elements No, Lr and Rf by Dzuba et al. [37, 38] . The 7s 2 and 7snl states were considered for the nobelium atom, the 7s 2 6d, and 7s7p6d states were considered for the lawrencium atom, and the 7s 2 6d 2 , 7s 2 7p6d and 7s7p6d 2 states were considered for the rutherfordium atom [37] . The CI+all-order method was used to calculate energies in Ce, Ce + , La, Ce 2+ , and La + , respectively [39] and to study various correlation corrections in these systems. The ground states in Ce 2+ and La + are 4f 2 3 H 4 and 5d 2 3 D 2 rather than the ns 2 1 S 0 . Tables I, II, and III, respectively. We compare the results of our CI + all-order ab initio calculations with theoretical results performed in Refs. [12, 14, 16, 18] .
A. Energies of Cd-like W

26+
To estimate the accuracy of the CI + all-order results listed in the collum "CI+all-order" of Table I , we carried out another calculation using a CI+MBPT method [40] , in which the effective Hamiltonian was calculated using a second-order MBPT, rather than all-order coupledcluster method. The difference of the CI+all-order and CI+MBPT results gives an approximate contribution from the higher-order Coulomb correlations and serves as an estimate of the uncertainty of the results, as discussed by Safronova et al. [26] . Comparing energies given in the "CI+MBPT" and "CI+all-order" columns of Table I , we find that the difference is about 1%. Experimental results for seven identified lines are listed in two last columns of Table I . Due to the close degeneracy of two levels, authors provided alternative energies for three of the levels listed in Table I 
We also calculated the energies using a commonly used Hebrew University Lawrence Livermore Atomic Code (HULLAC) [41] . This code is based on the relativistic version of the parametric potential method, including configuration mixing. HULLAC results differ by up to 10% with the CI+all-order values and experimet. This is expected owing to more complete inclusion of the correlation corrections in the CI+all-order method.
The differences between the CI+all-order results and theoretical values from [16] , obtained using multiconfiguration Dirac-Fock (MCDF) method implemented by the GRASP2K [42] and RATIP [43] packages, are 1-7%. The results of more recent 2014 calculation [18] performed using the large-scale multiconfiguration DiracHartree-Fock calculations which involved careful investigations of core-valence and core-core correlation effects are in excellent agreement with the CI+all-order results. Only for the 4f 2 3 F 2 level, the difference is larger than 1%.
B. Energies of In-like W
25+
In Table II , we compare the energies of the 4f 3 excited states of In-like W 25+ calculated using the CI+all-order method with the GRASP2K code results from Ref. [12] . Since HULLAC is commonly used for such calculation for the line identification purposes, we also include HULLAC results. In general, we find CI+all-order and GRASP2K results in rather good agreement, the differences are 2% -3.5% for 16 states listed in Table II and 0.1% -1.0% for seven levels. The HULLAC results differ substantially from both CI+all-order values for most levels; with 5% -10% difference for 18 states listed in Table II. C. Energies of Sn-like W
24+
In Table III , we compare excitation energies for 76 levels of the 4f 4 configuration in Sn-like W 24+ ion obtained by the CI+all-order codes with theoretical results in Ref. [14] and the HULLAC results. The results of Ref. [14] were obtained with the multiconfiguration Hartree-Fock (MCHF) and multiconfiguration Dirac-Fock (MCDF) approaches taking into account relativistic and QED corrections. The relativistic corrections were taken into account in the quasirelativistic BreitPauli and fully relativistic Breit approximations. The QED corrections are very small for the 4f 4 states, 0.02% -0.1% according to tained by the CI+all-order and GRASP2k codes for the 4f 2 and 4f 3 states. We show below that the CI+all-order wavelengths are in excellent agrement with experiment for the transitions between the 4f 4 states.
IV. MULTIPOLE MATRIX ELEMENTS AND TRANSITION RATES IN CD-LIKE W
26+
The multipole A Ek r (E1, E2, and E3) and A
Mk r
(M1, M2, and M3) transition probabilities in s −1 are obtained in terms of matrix elements Z Ek and Z Mk (a.u.), and transition energies ∆E (a.u.) as
In Table IV , we list CI+all-order wavelengths, multipole matrix elements Z M1 , Z E2 , and Z M3 and weighted gA M1 r transition rates evaluated using the CI+all-order approach for 21 transitions between even-parity 4f 2 levels of Cd-like W 26+ . The random phase approximation (RPA) corrections to the multipole operators are included. The code packages for the calculation of matrix elements and the RPA corrections are the same for the CI+MBPT and CI+all-order approaches and are described in detail in Ref. [40] . The M1 transitions dominate for all levels. The ratios of the E2 and M1 transition rates are 10 −3 -10 −7 for all transitions in Table IV with the exception of 3 F 2 − 3 P 1 . The E2/M1 ratio for this transition is 1.5 × 10 −2 . The M3 transition rates are negligible for all levels, as expected, with the ratios of the M3 to M1 transition rates being 10 −13 -10 −17 . Wavelengths and weighted radiative transition rates for transitions between the 4f 2 states in Cd-like W
26+
are compared with theoretical and experimental results from Refs. [16, 18] in Table V . The theoretical results in Ref. [18] were obtained by different but complementary computational techniques, the multiconfiguration Dirac-Hartree-Fock (MCDHF) method implemented by the GRASP2K program suite and the multireference relativistic many-body perturbation theory (MR-RMBPT) calculations performed with the FAC code [44] . The identifications of the seven Cd-like lines observed in Ref. [18] were supported by large-scale multiconfiguration DiracHartree-Fock calculations which involved careful investigations of core-valence and core-core correlation effects, and by relativistic many-body perturbation theory calculations. The Hg lamp as well as the Fe hollow cathode lamp were used for calibration [18] . We find an excellent agreement between our CI+all-order results and measurements from [18] , the differences in wavelengths are 0.02% -0.04% for the [18], from the 0.03% for the 3 H 4 − 3 H 5 transition to the 0.50% for the 3 F 2 − 3 F 3 transition. The differences with the 2011 MCDF results obtained also with GRASP2K [42] and RATIP [43] packages [16] are larger, 0.3 -1%.
We also compare M1 and E2 transition rates with the avaliable values from the 2011 calculation [16] . We find good agreement for the M1 transition rates (1%-2%) for the 3 H 4 − 3 H 5 , 3 H 5 − 3 H 6 and 3 F 2 − 3 F 3 transitions, but very large differences for the 3 P 1 − 3 P 2 and 1 D 2 − 3 P 1 transitions. Large discrepancies are also found for the E2 transition rates but the contributions of the E2 transition rates are very small and should not be not important for spectra distributions of the W 26+ -W 24+ ions.
V. M1 TRANSITION RATES AND LIFETIMES IN IN-LIKE W
25+
The CI+all-order results for In-like W 25+ are presented in Fig. 1 and Table VI. While we evaluated M1 and E2 matrix elements, the E2 contributions to the transition rates are negligible and are omitted.
We evaluated all possible M1 transitions between the levels listed in Table II . A complete set of of the 4f The CI+all-order wavelengths are compared with measurements from Refs. [10, 21] Table II , are given for convenience. The vacuum wavelengths λ given in the next column inÅ are determined from these energies. The values of the M1 matrix elements, listed in Table VII , include RPA corrections to the M1 operator as described in [22] . The absolute values of the reduced M1 matrix elements are given in units of Bohr magneton.
The results for the 72 M1 A r transition rates are calculated from the wavelengths and reduced matrix elements. Only 41 transitions which give significant contributions to the lifetimes are listed in Table VII , together with the corresponding branching ratios. The lifetimes are obtained as
where the denominator is the sum of all possible transition rates contributing to the level lifetime. The lifetimes are given in milliseconds. Excitation energies and lifetimes of the lowest eight energy levels of the 4f 3 configuration in In-like W were evaluated in Ref. [10] using the RMBPT code. The lifetime values from [10] are listed in the last column of Table VII. The CI+all-order and RMBPT [10] lifetimes are in relatively good (10%) agreement.
VI. M1 TRANSITION RATES AND LIFETIMES IN SN-LIKE W
24+
The CI+all-order results for Sn-like W 24+ ion are presented in Fig. 2 and Tables VIII and IX. We evaluated all possible M1 transitions between the levels listed in Table III. A complete set of the 4f 4 M1 transitions includes 823 transitions in the 50 nm -5526 nm wavelength region. In Fig. 2 the HULLAC data. Most likely, the MCHF/HULLAC differences with the CI+all-order values are due to accurate inclusion of the core-valence correlation effects in the CI+all-order method, but not either MCHF or HULLAC codes.
The M1 matrix elements, transition rates, branching ratios, and lifetimes for the eighteen 4f 4 states are listed in Table X . The levels are listed in the first column. Next two columns of Table X lists possible transitions that give dominant contributions to the lifetimes given in the last column of Table X. The CI+all-order energies of lower and upper levels, taken from Table III, 
VII. CONCLUSIONS
In present paper, we evaluated the atomic properties of Cd-like W 26+ , In-like W 25+ , and Sn-like W 24+ ions using the CI+all-order approach. The energies, transition rates, branching ratios, and lifetimes of the low-lying levels are evaluated.
We find an excellent agreement between the CI+all-order wavelengths and measurements for the Cd-like [10, 21] . This work provided the first extensive benchmark study of the CI+all-order method accuracy for the 4f n states demonstrating excellent predictive properties of this approach for further use in new experiments and spectra identification.
